
CANONICAL BUNDLE FORMULAE FOR A FAMILY OF

LC-TRIVIAL FIBRATIONS

Abstract. We give a sufficient condition for divisorial and fiber space adjunc-

tion to commute. We generalize the log canonical bundle formula of Fujino
and Mori to the relative case.
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1. Introduction

A lc-trivial fibration consists of a (sub-)pair (X,B), and a contraction f : X −→
Z, such that KZ + B ∼Q,Z 0, and (X,B) is (sub) lc over the generic point of
Z. Lc-trivial fibrations appear naturally in higher dimensional algebraic geometry:
the Minimal Model Program and the Abundance Conjecture predict that any log
canonical pair (X,B), such that KX +B is pseudo-effective, has a birational model
with a naturally defined lc-trivial fibration. Intuitively, one can think of (X,B) as
being constructed from the base Z and a general fiber (Xz, Bz). This relation is
made more precise by the canonical bundle formula

KX +B ∼Q f
∗(KZ +MZ +BZ)

a result first proven by Kodaira for minimal elliptic surfaces [11, 12], and then gen-
eralized by the work of Ambro, Fujino-Mori and Kawamata [1, 2, 6, 10]. Here, BZ
measures the singularities of the fibers, while MZ measures, at least conjecturally,
the variation in moduli of the general fiber. It is then possible to relate the singu-
larities of the total space with those of the base: for example, [5, Proposition 4.16]
shows that (X,B) and (Z,MZ +BZ) are in the same class of singularities. Let now
D be a smooth affine curve, let 0 ∈ D be a closed point, and let f : (X,B) −→ Z/D
be a family of lc-trivial fibrations. Then, we have canonical bundle formulae

KX +B ∼Q f
∗(KZ +MZ +BZ) and KX0 +B0 ∼Q f

∗
0 (KZ0 +MZ0 +BZ0)

It is then natural to ask the following

Question 1.1. In the above setup, do the equalities

MZ0
= MZ |Z0

and BZ0
= BZ |Z0

hold?
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In other words, we are asking whether fiber space and divisorial adjunction
commute. In this short note, we give a sufficient condition for the above equalities
to hold.

Theorem 1.1. Let f : (X,B) −→ Z/D be a family of lc-trivial fibrations. Assume
that

(a) B ≥ 0; and
(b) f is generically smoothable over D.

Then

MZ0
= MZ |Z0

and BZ0
= BZ |Z0

We refer the reader to Definition 3.9 for the meaning of condition (b). Its im-
portance is due to the fact that it implies an “upper-semicontinuity” property for
the moduli part, i.e. MZ0

≥MZ |Z0
.

We also generalize [6, Proposition 5.2] to the relative case.

Theorem 1.2. Let X −→ D be a family of smooth varieties, such that k = κ(Xη̄) ≥
0. Then there exists a projective family of varieties, Z −→ D, of relative dimension
k, and a boundary ∆ on Z, such that

(1) (Zt,∆t) is klt, for all t ∈ D; and
(2) R(KXt

)(a) ' R(KZt
+ ∆t)

(b), for some positive integers a and b, and all
t ∈ D.

Remark 1.3. Note that, by a celebrated theorem of Siu [16, Corollary 0.3], Theorem
1.2 implies that Pm(KZt

+∆t) is independent of t, for all m ≥ 1 sufficiently divisible.
In particular, if ψ : (Z,∆) 99K (Zmin,∆min)/D denotes the relative KZ + ∆-MMP,
the restricted map ψt : (Zt,∆t) 99K (Zmin,t,∆min,t) is a KZt

+ ∆t-MMP, for all
t. Viceversa, if (Z,∆) had sufficiently nice singularities (for example, as in the
hypothesis of [8, Lemma 3.2]), we could run the KZ+∆-MMP in family over D, and
obtain deformation invariance of all sufficiently divisible plurigenera Pm(Xt), since
KZmin

+∆min is semiample by the Basepoint-free theorem. By [4, Theorem 1.1], this
is actually equivalent to deformation invariance of all plurigenera. Hence, roughly
speaking, algebraic invariance of plurigenera is equivalent to a refined version of
fiber space adjunction.

2. Preliminaries

2.1. Conventions and notations. We will work over the field C of complex num-
bers.

• A variety will be an integral and separated C-scheme of finite type. We
will usually assume our varieties to be normal and quasi-projective.
• A sub-pair (X,B) consists of a normal variety X and a Q-divisor B, such

that KX + B is Q-Cartier. If furthermore B ≥ 0, then we call (X,B) a
pair.
• A contraction is a projective morphism f : X −→ Z, such that f∗OX = OZ .
• Let R =

⊕
d≥0Rd be a graded ring. If e is a positive integer, we denote by

R(e) =
⊕

d≥0Red its eth-Veronese subring.
• We will denote by D a smooth affine curve, with a distinguished closed

point 0 ∈ D. We denote by η and η the generic and the geometric generic
point respectively.
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• A family of (sub-)pairs is a morphism (X,B) −→ D such that, for all t ∈ D,
the fiber (Xt, Bt) is a (sub-)pair.

We will use terminology from the minimal model program, as in [3, Section
3]. We will also use the results from [4, Section 4], concerning the existence of
(well-)D-adapted models for the relative Iitaka fibration of a smooth family.

3. Lc-trivial fibrations

Definition 3.1. Let (X,B) be a sub-pair, let Z be a normal variety, and let
f : X −→ Z be a projective morphism. We say that f is a lc-trivial fibration if the
following conditions are satisfied:

(1) KX +B ∼Q,Z 0;
(2) (X,B) is sub-lc over the generic point of Z; and
(3) rkf∗OX(dA∗(X,B)e) = 1.

Example 3.2. The simplest examples of lc-trivial fibrations are probably elliptic
surfaces, that is smooth surfaces admitting a contraction f : S −→ C to a smooth
curve, such that the general fiber is a curve of genus one. More generally, suppose
that X is a smooth projective variety, such that KX ≥ 0. Then, by [6, Proposition
2.2], after possibly passing to an higher birational model, there is a divisor R on
X, and a contraction f : (X,R) −→ Z, which is a lc-trivial fibration.

Let f : (X,B) −→ Z be a lc-trivial fibration. By definition, there is a Q-
divisor LZ on Z, such that KX + B ∼Q f∗LZ . For any prime divisor P on Z, let
sP := 1 − lctP (X,B; f∗P ). Define the divisor BZ :=

∑
P sPP , where P runs over

all prime divisors of Z. Finally, define the divisor MZ := LZ − (KZ +BZ). Then,
we have the equivalence

KX +B ∼Q f
∗(KZ +MZ +BZ)

which we refer to as fiber space adjunction for f , or as the canonical bundle formula
for f . The divisors BZ and MZ are called the boundary and moduli part of the
canonical bundle formula for f . Note that BZ is a well defined Q-divisor, while MZ

is just defined up to Q-linear equivalence.

3.1. Hodge-theoretic description of MZ . The above definition of the moduli
part is not very well suited for our purposes. It turns out that MZ can be charac-
terized in terms of a variation of Hodge structures, naturally associated with the
morphism f . In this subsection, we recall such construction. The main reference
for this part is [13]. We begin by defining a property that arises naturally in this
context.

Definition 3.3. Let (X,B) be a sub-pair, and let f : X −→ Z be a contraction. We
say that the morphism f satisfies the standard simple normal crossing assumptions,
if the following conditions are satisfied.

• X and Z are smooth;
• there is a simple normal crossing divisor Σ ⊂ Z, such that f is smooth over
Z \ Σ;

• B + f∗Σ has simple normal crossing support; and
• (X,B) is log smooth over Z \ Σ.
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Remark 3.4. Let f : (X,B) −→ Z be a lc-trivial fibraiton, such that the standard
simple normal crossing assumptions are satisfied. Then, by Kawamata’s positivity
theorem [10, Theorem 2], the moduli part MZ is a nef Q-divisor.

Construction 3.5. Suppose now that f : (X,B) −→ Z is a lc-trivial fibration,
satisfying the standard simple normal crossing assumptions. Let Z0 = Z \ Σ, let
X0 = f−1Z0, let B0 = B|X0 , and denote by f0 : (X0, B0) −→ Z0 the induced lc-
trivial fibration. We have a decomposition B0 = D0+∆0−G0, where D0 = bB0,+c,
G0 = dB0,−e and ∆0 = {B0}. Let now V be the line bundle OX0(G0−KX0 −D0),
so that we have an isomorphism V ⊗m ' OX0(m∆0). This isomorphism defines
then a local system, V, on X0 \ Supp(D0 + ∆0)1. Suppose now, furthermore, that
the local system Rdf0

∗V has unipotent monodromies around Σ. Then, by results of
Griffiths and Schmid [7], the bottom piece of the Hodge filtration of Rdf0

∗V has a
canonical extension to a line bundle L on Z. The Q-linear equivalence class of L
coincides then with the one of MZ .

For a general lc-trivial fibration f : (X,B) −→ Z, we can always find a commu-
tative diagram

(X ′, B′) (X,B)

Z ′ Z

α

g

β
f

where B′ is defined by log crepant pullback, and

• α and β are generically finite morphisms;
• g : (X ′, B′) −→ Z ′ is a lc-trivial fibration, such that the standard normal

crossing assumptions hold; and
• the local system Rdg0

∗V has unipotent monodromies around Σ.

Then, one has MZ := 1
deg ββ∗MZ′ .

3.2. Families of lc-trivial fibrations.

Definition 3.6. Let (X,B) −→ D be a family of sub-pairs, and let Z −→ D be
a family of normal varieties. A morphism f : X −→ Z/D is a family of lc-trivial
fibrations if ft : (Xt, Bt) −→ Zt is a lc-trivial fibration for all t ∈ D.

Example 3.7. Let X −→ D be a smooth projective family, such that KX0
≥ 0.

Then, by [4, Proposition 4.2], there exists f : Y −→ Z/D, a D-adapted model
of the relative Iitaka fibration of X/D. By [6, Proposition 2.2], there exists a Q-
divisor R on Y , such that f : (Y,R) −→ Z is a lc-trivial fibration. By invariance of
plurigenera [16, Corollary 0.3], it is a family of lc-trivial fibrations.

Note that, a family of lc-trivial fibrations is a lc-trivial fibration itself. In par-
ticular, we have canonical bundle formulae

KX +B ∼Q f
∗(KZ +MZ +BZ) and KX0

+B0 ∼Q f
∗
0 (KZ0

+MZ0
+BZ0

)

When B ≥ 0, one sees that the boundary part satisfies an upper-semicontinuity
property.

Lemma 3.8. Let f : (X,B) −→ Z/D be a family of lc-trivial fibrations, and
suppose that B ≥ 0. Then, BZ0 ≥ BZ |Z0 .

1That’s as explained in [13]. It is not clear to me why the isomorphism is not on X0 \ Supp∆0
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Proof. Immediate, by lower-semicontinuity of the log canonical threshold [14, Ex-
ample 9.5.41]. �

It is much less straightforward to prove an analogous result for the moduli part.
A possible approach would be to deduce such a result from the Hodge theoretic
construction of MZ . The main problem in doing so is that MZ is defined via a
variation of Hodge structure on an open Z0 ⊂ Z. If Z0 ∩ Z0 = ∅, it then becomes
hard to compare MZ0

and MZ |Z0
. The next condition is introduced to address this

issue.

Definition 3.9. Let f : (X,B) −→ Z/D be a family of lc-trivial fibrations. We
say that f is generically smoothable over D, if there is a commutative diagram

(X ′, B′) (X,B)

Z ′ Z

α

g

β
f

where B′ is defined by log crepant pullback, and

(a) α and β are birational;

(b) g and g0 : (X̃0, B̃0 := B′|B̃0
) −→ Z̃0 satisfy the standard normal crossing

assumptions; and

(c) (Z ′)0 ∩ Z̃0 = Z̃0
0
.

Example 3.10. Let X0 be a smooth variety, with KX0
≥ 0. Suppose that the

general fiber of its Iitaka fibration is birational to an abelian variety, let X −→ D
be a smooth deformation, and let f : Y −→ Z/D be a well-D-adapted model of the
relative Iitaka fibration of X/D. Then f is generically smoothable over D2.

Assuming generic smoothability over D, we can show that the moduli part sat-
isfies an upper-semicontinuity property as well.

Lemma 3.11. Let f : (X,B) −→ Z/D be a family of lc-trivial fibrations, and
suppose that f is generically smoothable over D. Then, MZ0

≥MZ |Z0
.

Proof. The proof is essentially a consequence of Construction 3.5. Since f is gener-
ically smoothable over D, we may take a commutative diagram

(X ′, B′) (X,B)

Z ′ Z

α

g

β
f

where α and β are generically finite, B′ is defined by log crepant pullback, g is
prepared, and Rdg0

∗V has unipotent monodromies around Σ. Consider now the
commutative sub-diagram given by the strict transform of the central fibers

(X̃0, B
′
0) (X0, B0)

Z̃0 Z0

α0

g0
β0

f0

2Need waaaaay more details here. Probably also need to introduce the construction of a (well)-
D-adapted model, rather than referring back to [4].
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After replacing g : (X ′, B′) −→ Z ′, (Z ′)0 and (X ′)0 with g0 : (X̃0, B
′
0) −→

Z̃0, Z̃0
0 := Z̃0 ∩ (Z ′)0, and X̃0

0 := X̃0 ∩ (X ′)0 respectively, the same procedure as in

Construction 3.5 yields a local system V0 on X̃0
0 . As f is generically smoothable

over D, we may assume that g0 : (X̃0, B
′
0) −→ Z̃0 is prepared, the local system

Rdg0
0,∗V0 has unipotent monodromies around Σ0 := Σ∩ Z̃0, and V0 coincides with

the restriction V|
X̃0

0
. By [15, Theorem 17.3], the natural map

(Rdg0
∗V)|

Z̃0
0
−→ Rdg0

0,∗V0

is an isomorphism, which respects Hodge structures. By taking the canonical ex-
tensions of the bottom piece of the Hodge filtration, one then obtains the inequality
MZ′ |Z̃0

≤ MZ̃0
. Finally, by definition of MZ , and [9, Proposition III.9.3, Remark

III.9.3.1], one has

MZ |Z0
=

1

deg β
(β∗MZ′)|Z0

≤ 1

deg β0
(β0,∗MZ̃0

) = MZ0

thus we conclude. �

4. Proofs

Proof of Theorem 1.1. Since B ≥ 0, by Lemma 3.8 we have BZ0
≥ BZ |Z0

. Since
f is generically smoothable over D, Lemma 3.11 implies MZ0

≥ MZ |Z0
. Since

(MZ +BZ)|Z0 = MZ0 +BZ0 , we conclude. �

The proof of Theorem 1.2 closely follows [6, Proposition 5.2]

Proof of Theorem 1.2. Let f : Y −→ Z/D be a D-adapted model for the relative
Iitaka fibration of X/D. By [16, Corollary 0.3], it is a family of κ-trivial fibrations
hence, by [6, Proposition 2.2], we can find a Q-divisor R, such that f : (Y,R) −→
Z/D is a family of lc-trivial fibrations. Let g : (Y ′, R′) −→ Z ′ be a sufficiently

higher model of f , such that g and g0 : Ỹ0 −→ Z̃0 are both prepared. In particular,
MZ′ is nef. As KZ′ + MZ′ + BZ′ is big, it is Q-linearly equivalent to the sum of
Q-divisors A + E, where A is ample, and E is effective. For 0 < ε � 1, we have
that BZ′ + εE is klt. Since MZ′ is nef, we have MZ′ + εA ∼Q δH, where H is a
very ample divisor, general in its linear system. Letting ∆′ be BZ′ + εE + δH, we
have that (Z ′,∆′) is klt, and KZ′ + ∆′ ∼Q (1 + ε)(KZ′ +MZ′ +BZ′). Furthermore,

since BZ̃0
≥ BZ′ |Z̃0

and H is general, we have that (Z̃0,∆
′|Z̃0

) is klt too. As β is

a KZ′ + ∆′-non-negative contraction, letting ∆ := β∗∆
′, we have that (Z,∆) and

(Z0, β0,∗(∆
′|Z̃0

)) are klt. Since ∆0 ≤ β0,∗(∆
′|Z̃0

), we have that (Z0,∆0) is klt too.

By construction, we have (1 + ε)(KYt
+ Rt) ∼Q f∗(KZt

+ ∆t), for all t ∈ D. Let
a and b be coprime positive integers, such that 1 + ε = a/b. Then, for all t ∈ D,
we have R(KYt)

(a) ' R(KZt + ∆t)
(b). Since Yt is canonical for all t ∈ D, we have

isomorphisms R(KXt
) ' R(KYt

), hence we conclude. �
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